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Existeiice and Approximation of Robust Stationary Points
on Polytopes
(;rranl ~:,n rlr~t I.a:tu. Ur,lf'I':tltu:ut :turl 7aiftt latt~
Abxl,url Y~4~ titnrl}' ur,t,liur'at' st:ttirru:tty l,uiut l,ruLlc~tun un l,ulytupcw
ftutu :t ~'ir'w ln,iul r,f til:cl,ilit`' atul l,rulu,~c, ., tu'w noltttiou c'uurclit. tu
tlu'.r~ l,t'r,l,lr~lun. 'I~Li, r-uucvy,t iti tlu' r'xtr,u~ir,u uf a sitttilxt' r'r,uc'c~ltt Incr
l,utir~rl I,~ 1'att}; [I I] uu tlu~ tutit ~iuy,lr:~. 'Thr' ur'w rouc'r~pt. itic'allr~cl rul,utit
titatir,u:tt.l' l,uint.:tucl iti :t n'fiur~uu,ut ui'thr','r,uc'c~pt uf tit.;t.t.iunary puiut.
It i. vltnwu th:tt rwot.l' r'uutiuuuuti fiwc'tir,u uu pulytopr~s Lati ~ robntit.
tit:ttir,u:u'~' ltr,iut aucl tLat I lu' tiot uf rolmtit. nt~tionxt:Y Ituiut, i~: x tiabtic,t.
uf t lu' tir't r,f tit:rtiuu~a} I,c,int,. Sc,r'r,uclly, x tiiutplic'ixl ~l~urit.ltut it; clcwc,l-
utuvl tr, c'utulmtr~ :' rc,lnt,t antiuuar,y lwiut of a c'out.iuuuus fnuct.ic,u c,u
I,r,l~ trq,r,,. Thr' :tl};uritluu r:tu Lc~ In'ic~Hy tit.xtc,cl a.ti fr,llowti. St.artittg wit.h
att~ l,r,iut iu thr' rrlrtt.i~'r' iufr,riur uf a pol,ytulu,, t.hc~ xlt;urithttt t;c~uc~rxtc~ti
:, l,ir~r'r'tci..r liur':tr l,atlt wltir'h Irxrl~ tn :w apl,rr,xiutatr rr,lmtit tit,tticutttty
tu,iut rrf au}' :, Inic,ri rltutir,u :urnr:u'y' witLiu a tiuito utuul,r~r uf titrpti.
Srvr~r:tl ntutu'rir':tl r'xautl,k', atxl :,l,l,lic'xt.irmti an, clitic'uti,r~d.
I~r,i~ruurd.ti: Itr,Lna ~t:ttiuua.r}' I,uiut, pnlytulu,,, tiiwplic'itt.l alt;uritluu,
fisr~rl I,r,iutti, tri:tuRnlntir,u, tit:tl,ilit~', NatiL c~ynilihrinw.
1 Introduction
`1`r' titnrlc ur,uliur'rtr ~trttiuunn' I,uiuf l,rul,lr'tuti frnut thr~ ~'ir'w l,uiut r,f tit:tl,ility.
C;ier~u :tu :ttl,itrat.Y l,r,l~'tul,c~ I' iu R" :tucl :ttt :ttl,irt:tt:1' ftuu'tir,n f: fH R", tlu~f,n,ld,~tu ,d ,tali„u;~rt' ),,,iut („r t'nriali„ual iur~,lualit~'1 fur J uu P i, lu tiull a tx,iut
, 1 I' ,m lt t lr:tt
(.r' - r ) ~ J( .r ) ~ (1
r„1- ati) f,,,itlt .,~ F 1'. s,l,~ll :r Inrill) .,~~ i, ,~au,~,l ;1 ,t;,lir,tl;ll,- f,,,iltt „f ~„It t'. TLi,
l,r„I,I,~in Il:uti inatt~' iull,,,rt:ull :Il,l,li,~nli„uti iu t':Irirnt. li,~lll. ynrli ;t~ tl„ul~l,ul)r,ratit'1~
qnnl,~ tll,~ruc. ,~,-uu„ntir I~Ifuilil,rintll Ih,v,t.t'. lixl~,l f,,,iut tllr„r~. u„uliurm' ul,tiutiz:,-
Iiuu tlu~ut.c:uul,~u};iuo,~riut;. "Pllrluul~r~l,t ufa r„I,tla aatil,uarctx,iut i.:tt'r~6ttr~tur~tlt
„I' 111,~ , uu,~r,l,t uf :1 ,tat ir,u:u ~' t,uitlt t,f a r-uutilln„tl, ftutr't iuu „11 t Lr, nuit ~iutplrx aurl
wati ,~ti„~ul i:tllt' uu,t.it':ttrvl fnnu t,nd,lout, 1,f ,v-„u„luil. r~rtnililn'innl. u„u-,~Iwt)I,t'atit'r
);:,nu~ti. I,iulut;~' ;tull I~u};iur,,ríu}; (.w~ t~.};. ~1~I~t:,lm [~]. c:lu Dntuult~ [2] antl 1a-
tu:,tuuln [1:3]). lu t;rurral, a r.nlltiunuuti fnul.til,n uu ,t I~I,uI)ru't Lutlcl~z w,ur~tul)tt
titllr,l~l uf li" Ila. lunll.il,l,~ titnl iuu:,t.t I)I,iutn:ul,l ~„lur ~,f tlu~nl :Ir,~ tntlll~.ir:tl,ll~ Ilrwl
;1 I,uilll nf cirw uf ~t:tl,ilÍl.y. Hrur~,, tlu,.til~ nu,lr-hirxl)Ir a:ttil,u:lt't t)uittfti ~lu,nl,l I,r~
I~linlin:ltr,rl.
l3n~rvl ,w thr~xr, irlr~ati w'r w'ill :tl,l,l)' tltr Iv,url,l,t uf rr,l,tltit ~tntilntat.t I,uiu1 tu
unuliu,~:u' ,tati„uo-u.t' lx,int l,rul)Il~luti uu I,ul}'tul)r~ti. lt i, yLlntu tlt:tt I~tl~t.t' coutiu-
nuuti (uur~tiuu „u I,1,1)~It,l,r~ti ltax :1 rnlnltif antit,u:lr~' I,,,int au,l tlu~ a~t uf rul,ntit
tilat.iutl;l.l:t' tN,ÍlltS it; :1 NIIt,N1~t uf tlu~ N,~t „f ~I:Ihnll.'If)' I,uitltN. 1'`tlftlH~t'tIH,Cr. tCr~ rtr-
tv~hq, ;t siutl,lit~ial :11};uritltnt t„ liu,l :1 n,lmtit aattilnl:lr~ lwiut G,r :In~ ,'uutiunuu,
ftuu.ti„u „u l,,,l~'lul,l,,. '1'Liti :tl~,urithtu 1':In I„~ I,ri1~Hc Il,~.r-t'il,l,ll a, fc,lluw.. StxrtitlK
frulu :In :trl,iharil~' I~h„y,~u iutr~rir,r I)uiut nf tllt~ tn,ly'tol,l~, tLl~ :Ilt;,,rithnt gr~ut~ratr~ a
I,i,v~l~wi„~ liur,;u I,atll wllirh lr~a,lti 1„ :tu :,),t,rusilu:ltl, n,lnl,t vt:tfiunat.t' ),uiut I,f att~'
:1 ),rinri rhutir~u arrtn'ary witltiu :1 tiuitt, nuud„~r „f tit,~l,ti. "1'lu~ I,atlt Ir:rr.,,,l In' tho
alt;ut'il Iltu ,-ul'r,y))r,urln Iu :1 tir,tlnr,tu~t~ r,f N-t'I,Intnl vt:ltiuuxr)' twiutn I,f tllr~ ))il~crtctse
liuo:u' ;tl,f,rnxiul:ttinu „f 1111~ fuu,'liuu with n~.f,l~,~t tr, :1 w'1,11-1'llr,~,~u Iriau};ul:tli„u
„I' II11~ t,ul~'t„f,,,. wh,~r,~ 0 C N G I. 'I'lliti tri:w~ltl.,tiuu Il,uti tlu~ u,rcr,lf~- th:lt wlu~tl
tltl~ lr.ltll t;l~ut~ral,,ll I,~' tlu~ :tlg„ritlttu :tt,l,n,xrllr, Illr Lutul,l:u')' uf tlu~ 1)ul~tope. tLr~tnrtill ~iz,~ uf tLr tt'i:u,t;nl;,tirru aliru{; tlu~ trelfll autuul;t.til'ally c'uuvi'rt;l`n tu zi~ru. TLi,
I,rnl,l'rt~ iu,lurl`. tó:ll 0 y;,rl'. tr, z,`nr C,n Ihl~ fl-rlrLu~l titatii,u.nT I)uiutti iuilnc`I'd hy
tlu~ l,:ttll ttI1,~11 tln' t,atll al)I)r,,:u'lll'ti thl` Llntullo-tt'~'. HI'ui'i' f.Li` al~i)ritlutt tiltat-cti flle`
I,nxi,' l,n,t,, rlil~ti 1)f ;~ ~inil)lil'i:,l Il,uuntul,~' al~;ln'ithul (wr Eawr [3]) :uld x Situl,li-
r'i:ll r,'tit:lrl ;,IR~n'itllni (yi~l' v;lu ,II'r L;I;m ruul Taltuau [5]) 1)ut it ilitipi'titii`ti witL .ut
r~str:l Iliul, tl,i„It rr~,ttlinvl Ir~' .inll,lil'i:tl Ilutur,tl)lt~' alt;ul'itluus. It i~ alnl) wurtitwllilt~
In titr,`,ti tll:,l nul,tlu~r tul,tiv:,lil,u „f tllis I)~t)1'r tv,lw'ti frutu va.rirttioua.l iurqualit.y
1)n,l,b`ul. iu wllirll Ihr faurti,)u iti uut uluuufuuo. Wt' I,uly n`clnirl' tht~ fiuu'tii,u ta
lu' I~,ultiunrnl~. '1'lll~ n~,nlt, tc,~ „I)f:liu iu fhiti ltxpor iul~lulli` ati npl`rixl I~:wc`ti t.lu,M' uf
1'.utt; [I.I] „u tlu~ Iwi1 .itnl)II`x au,l I,f T.Ihua.u aucl 1"auf; [10] uu t.lu` tiitul)lutl)pi`. (''ut
r~t,`utiit'r~ I r,~aUnl'ul. „f ,iult,lirial :tly;c)rithtu. wo r,`fi`r tu Allgl)wr`t' :util Gol)rg [1).
['i,ilil (Il] :uul l"xul; [15].
'I'Ititi l,a{)1'r iti In'l;nuizl'cl :,~ G,lk)wti. Iu St`I'f.iou '? wr iutrv,~lnc'r tóo ruui'1`I)t uf a
Ir,IHltil til:It Íntlal:l' lluitll nll l)~,I~'InINT :1.t11I llt'uVl` 1~11,~ ,`SÍSft'llt'1` uF a IY,I,Ittif. tit.Rt.Í(t11i61')"
t,uiut fnr r~vri y' r~l)ut iun„n, fnnl'l i,nl. Srv t iuu a I)n`.,'uts a I ri:ut~,ulrtl.iuu uf Lhl' 1)ulV-
tr,l),' wlli,'ll ,null'rlil'~ t lu' :Ill;urit.llnt. Itt SI'1'til,tl -1 wr' Rivo tLl` l,:ttll 1)f I)oint.ti fitllctwiYl
I,v I Ilr :,I};~u it luu. 1)r„cr lhl' 1'rnn`I'rgrurl' nf tht' rtlguritluu iu1Ji't' tho .~titiuwl)t.ii)u tlr.tt.
tlt,` fnul'ti„u .( t„ Ir,` 1'uutiilll'nvl i, i'uutitlmrati, auil altil) Ili`rivi' thi' :u'i'lu':tay uf :tu
~1)In'I,xitu:,Ll` Pnhntit til:ttiou.u.~' t)1)iut. SI`r'tiuu 5 ilotil.riLlw t.ht' titi'ln of tLt~ al};ot7t.ltul.
lu SI'19i1,u fi w'1` Ili.tic'nnti nl`ci`r;,l ;tl,l)lii'aliuus.
2 Robust stationary points on polytopes
~!15` tirtit iuln,llnrl`,rnul` nutati,m. '1'lll'til`t N Ill'ui)tl'. Lhi`,1't 1)f:tll u:ttural uulul)crti.
l"hl' ~t~t Nli i~ ,~,tltrtl t„ tlu' Inlil,u I,f N n,utl {0}. 1'LI' ul,fil,u 1 C J tui`xuti I iti ~
t,rltpl'r ynlrtirt c)f .l :,ull I C.l lur;tuti I C.1 In' Í-.1. 'I'LI` ~;i't 1„ ,II`ui,tc'ti tlli' :~t't rtf
I,utiitiw' iutl'~;orti { l. - .,, }. "I'lu` ~'i`I'fur i(i) iti Lllr' i-tll Iwit vl'i~fl,r I,f R" ft,r i':u'lli E l,,. ('uutiirlr~r ;w :rrl,itr:lt7 I'nll-,liturtrtiir,u:~l l,r,l}ir,l„~
P-{.,ER"~rr'.r~r,,.
`4'r~ a~,~uur~ thnl I' iti situl,lr~ :rurl Ilr:tt nr, r-r,u~trniiil~ :In~ rr,liiurl:~nt.
I~ur r,a,~li .nl„r,l l r,f 1,,,, tlr~tiur,
1'~( I)- {.r E I' ~ rr'' .r - b, fr,r i E 1}.
`I'ltolt I''(~) i~ ;t f:u'r~ ~,f P riulr'titi it i~ r`lupt)'. 1ufr~ tlt:tt F(N) -['. Lr,t
Z-{ ~ C ~,,, I F( 1) iti :r ut,ur~tuj,t}' farr~ r,f P}.
(!urlr~r ILr~ :tl,rn~r~ a..tiuutpticm Ilt;rt rlinr(I') - r7, I' i~ a tiitul,lr~ I,uh'tulx,. ~ucl thr~
liur,u.r iurrln:r.lit.irw rlr,tiuiu}; P:rrr~ unun~rlrturletltt, wr~ lta~r tlu~ fullr,wiuR r,l7tir~r~:vtiutts:
(i) f„r r,:u~lr Grrr~ F r,f 1' i,hr~,rt. I E Z willt h' - l~'(!) i~ nuirltu~ nurl irlr~utir~:rl ~~'itlr
I hr~ sot { i E 1,,, I n' ~.r - L; fi,r :l.ll .r E F}:
(ii) rlin7(t:~(1)) - rr - ~1~:
(iii) C iti .r Gu-r~l uf F(!) if :uul r,ul}' if G - F(1 U{h}) fur ~utur~ h~! l~'itlt
I U {17} E Z.
H'r,r r~:rr~6 I E Z. rlr~tiu,~
F"(I )- {.r E R" ~.r - ~ rrr,rrr'. nr, 1 11. G,r :tll h E I}.
r,~ r -
witli l"(IA) -{0}. Nr,w wr~ iutrrnlnr-r, tlu~ ~~r,ur.r~l,l nf a rul7nyt ~t:rfiott~r~- lu,itrt uu
Iwl)'Ir,l,r~ti. Lr~t a fnur-tir,u f~ : 1' ~--, R" I,r~ };i~'r~n.
Definition 2.1 l~nr giv,cn fl ~ II n puivrt .r E f' i.ti' rr N-7~nG7cat ..~dltinvaur,y poivli uf
I r.!
(IJ., i.. n.vr Z71I17'lU7' (I029LÍ uf I':~~~ .I (.l~) -~Ir~ 1,~, lllrlll' lll'I.fJI lll, i 1) fr11' Illl ll E Irrr, tf ll(. ~ llr. Í.J6!'76 fIr -!ll ~.l' G
fl(fl( rIA1.1').
.` t;r~r,urr~trir iutr~rl,n~t:,tiuu uf tlrr al,uvr, rlctirritiuu will I,r~ ~;ivr~u latr~r.
Lemma 2.2 Fr1T r471.7~ r E li" tA.crc lcci.st.ti I E Z voi.Ut ~I~ - Yr xttcle t.hrtf. !-
~l„ I lll,nl' uriNr frl, 1 11 for rlll h E l.
I'ruufl. ('nutiidr,r thl~ liuoar l,roKra.uuuiuR pn,blrw
r ~
Iua~ r.r s.t. .r E 1.
Siurr~ 1' i, ,r ur,ur~wlit}' I,rnwrlrvl lu,lylu~rlrr,tr, t.lu~rl~ r~xitit.ti at ]c~a.tit ono u,lutiuu, yay.
' wltir~lr iti ., ~'r~rtr,z nf I'. "I'lurt iti tu ~.,.~~, tlrorr~ is f E Z wit.L ~I~ - rr tiuc~h flrat
nl,' :' - bl, fr,r all h E l. Q}' ntiiuR f.Lc~ r~utul,k~tuouf:r.ty til:u.kw,~.y r'ouditirm c,f littear
f,rut;rxtuutiul; Llu~ut,~' tlrrm r~xitil lll, ~ 0 Gn' .1.11 ll E ! tiur'Ir t.liat.
r' - ~ lll,rrl~.
nr l
It fcrllrnti'~ iurnu~rliatr~h' tltat I)r~tiuitiuu 2.1 iti ~.~lirl.
Definltion 2.3 n pu'i.nl .1' E P i..ti u rubu.tit staf.intaut~I pnát~t of f utc P af tler.rc
r.cisf srq7u nrr.,' ~ f)I I I E N ~ uf 1NLtitGtilr' 77.1Uf1.Í1CT'A a71.d ~.r(flr ) I l E N} of flr-r~uLttti't
stllftUTLlli'!~ Ilu7llf.ti'.Y(NI) uf f.~'uch. tll.ril.
litu Hr - 11 ntlrl litu .r(f11) -.r
I ..~ r -~
Vna wr~ rlr~riw~,uuu' ~,ir,t,r~rl~ nf nl:rtiun:,.r~' l,rlinlh.
Lemma 2.4 Lr! .~ : I' ti Ii" flr n. cu7ttintturA.ti flur.cttu7t. Thctl. .r' E i is rt
,inhinttrtr!~ ~uri'n.t uf ~ un I' if r1.71.r1 n7el;q i.f .r' E l'~( I) rtterl ,((.1'' ) E h~"( I) for .~um.r
IEZ.G
I'rnr,f: ` I,uinl .r' E I' is rt nt:lti„urlr}' I)r,iut r,f f uu I' if :turl r,ul~ if .,' iti ,, ,ldntinu
r,f tlu~ liur~:lr Im,t;r:uuutiug ])ruldrtn
nu,z ,~"' (.r').r ,.t. .r E I'-
"I'Itru t 11rn~ r~i,l, :1 uliuitual f:1r-r~ F( !) r,f I' fur .r,u1r, 1 E Z r'r,ut:)iuiut; .r'. [3}' u.iuR
Ilu~ rln:)lit~' thr~nl.1' wr~ kw,W t11:11 .((.r') E F'( l). O
~1~111' fnllr,Witl}~ rr'~111f tit.a.tr:ti (.117tt tlll' c~UIH'r']11 uf 1'r,l)Iltit Sti1tU,IlAt')' ]x1Ítlt iF A
n~fiur~lurut r,l'tltat rd,t.a.tir,u~.t.~' I)c,iut.
Lemtna 2.5 l.rl f : 1' H R" bc n rmttiteru,rtx funrtrun.. lJ.r' E I' z.~ a rubrt.ti)
b'i.fLLtU71lp7, )N1tT4I nf f nn 1' tlectt .r` i.ti' ~L~u rt stnliunrp.ry po~i.ret of f un Í'.
I'rr,uf: 11 G,Ilr,w~ rlirrv.lh' 1'rutu Ur~liuitirnl.'2.I :1nrl ?.a :uul Lr~luuul ?.I. O
Nr,w' Wr a.rr~ t;nin{; tr) };i~'r, :1u iutr~rpn~t:l.tir,u r,f :1 rr,lnttit ,t~ti,nt.u'~ I,r)iut. For a
nt:1.t inu:tr~' Iruiut. .r' E F(1) fr,r u,uu~ I F Z, wr, 11:n'r~ cltat !,; ~ 0 iu1],lir,, b, -n' '.r' - 0
fr,r au~' i. Our, wif;llt thiuk r,f t.ltiti rrlat.iuu a,, t lu~ rrnnl)b~luout:tt}' .I:trkur~~„'r,urlitiuu
:~, iu tlu~ liur~:u' I)ru};rxuuuint; 1.6r~ut.~'. Ln r,rrlr~r fur .r' tr, I,r~ x rrdnt.~t st;ltiuu:lrc ],r)int.
it iti n~:1.W,uxlrlr tn n~lltirr~ t.h:tt t.ltr~ lti{;Itor !r, i., thr, ~trutthr~r tlti.. r,rlnalit~' sLuulcl
I,r,. '1~11:)t iy tr, ,:1)', iu :t w~i};ltl,urlu,ntl uf .r' fur o-tt1~' H 7 0 tltr~t'r~ ~11u1tlrl l,c, a])uittt
.r(N) ~nr'11 tltat if !r;(N) 1!r~(N), thr~u .r(fl) tuo~t IH, N tiuto~ r'Irx~f~r to F({i} ) tLau t1)
F'( {.l i). i.r.. 6; - nrr ~'(N) ~ N(G; - rr'T r(y) ).
TI1r, ur~xt twu r~xamplrw rlrtttr,utitratr~ tlt~.t t.l1o r'uur'r~pt nf a rr,l)ust ,taticntar~'
I)r,iut iti iurlrv~rl :1 propot' rr~fiur~tttottf of tLr~ r'uur'r~l,t uf :1 st.atir,ttan' pr,itll.
Example 2.6 Titkc n - 2 ruarl n~ -- n't -(1. 0)~ . rrt --n 1 -( 0, 1) T.
Li - l., - I ntrrt r,a - r,, - o. Thctt P- C'~~ -{.r E R~ ~.r1 G 1. .r.~ G 1. -.ri G
11. atrd -.r.~ G II }. l.rl n!'UTAL17q4U71.4 f7qACilUYf f: I' ,--~ Iil !x r~it,cn Ly
fc.r ) - (.r, - l..r.~ - I )' .II i~ n~~1 ~lillir-ull In .liutc thnt I'ur ;tu~' r'rmliunnn. I~rurrtirnt j:(" ~--~ Rl .r' ir; ~.
.I;tliutrart ~~~riut nf l il':uul ~ml~ if i1 li~rlrlti
l,l.r') G II if r; - I1,
J,l.r' )- 11 if 11 G.r; ! 1,
l,(.r'~ ) 1 11 if r; - I.
'1'Itr w~t r~f yt:rliuuv) Iwiutn irf Ihr~ Íltnc'I,iuu iti rrlnal tu:
{(o.u)T. (1,1)'. (l.u)T, (11.1)Ty.
Huwr~vrr. ~~uh' (0, 0)' iy a ndnttit ht~tiuuat}' prriut rtf f. Tu tihcrw tLit;, lrt for N E(o. })
ri(r!) - H, r!(N) - y1.
C'lr`rirl~. .r(N) lir`, iu tl,r~ itttr`rir,r rrf I' frtr ~~aa'II N E((1, ]). Notc` thn.t
f(.r(N)) - Iran't -~lrtrr~ - Ira(-1,0)~ flr..~(l1,-})T.
witlt lr:S ~ 11 aurl !rt ~ 0. lu fnr'1 wr` h:cv~` !rt - 1- N~ ~!ra - 1- N. It ;tltic, hrtlcln
Lt - n~~.r(!I )- B' C ll(b.t - n t r .r(B) )- N'.
IIr'ur'c' frtr r':u'It f1 E (II, I). .r(fl ) i~ n f1-t'r~Irtttit st.xtiuuad'}' 1tuiLt. It. Íti r`.~tiY trt nr`c` tltttt.
litu .r(l~) - ((l,ll)'.
n -a~
II iti a.l.tiu r~;tn~' trr rlu~r'k wh~' ;tll utltrt' nl;tt.iuua.t;Y Itctintti arr~ unt rultutit tit:diuuaty
Ituiulti. `1i, Ir;tvr` it. irr Iltr rr;ulr`r.
Example 2.7 !,r f (: C" i--` R" ru ~,nvr.n G,~
f(.rl -(.r,(1 -.ri)"(.r.,- Il,.ri(1 -.rt)~(.ri - l))T.ti
I~I„' „'t uf a:,li„n:tn' I,uint. uf Ilii. fnur'ti„u i~ ,',Inal lu:
((Il..r)~ ~l1G.rCl}U{(l..r)~ ~IIL.rCI}
u{(.,.1)' ~o~., ~ t}u{(.,.n)' ~11~ , ~ 1}.
II iy r,'nutrkal,l,' Iltat. thiti fau,-tiuu luwti nnlv „u,' titatiuu:tr~' pniut (11.0)' b,~iu}C ~
n,lm~t ~1;,1 i„u:u'c Iwiul. Wr~ ~~'ill I,r„~'r it. Fu, ll E (11, I), Irt
rlN) - (N.B')'.
('Ir,arl~. .r((I ) in au iut,~riur l,r,iut „F (". Fur t';u'lt N E(U, [) wr, La~.r~
I(.''(N)) - I'ar~' f I'.tr~' - Ira(-1.Q)' f I'~(0,-llt.
witlt l,a - N1( I-H)"( I-N~) ~ Il au,l l,~ - N(1 -N')-( I-N) ~ U. Siur'r, L- "y~' ~ 1.
I' ~~ I'a. It :thr, lu,lrl,
1,.~ - rt t ~ .r((1) - G N(G;t - nar
~.(N)) - y~. z
Ilr~n,'r' .,'(N) i~ a N-rul,u,t st;t.t.i,mar~' l,uiut. Siu,'r'
liui .r(f1) - (11,11)' ,
n .ni
tlu' I,,,iul (11,11)t iti a n,l,ntil ,L:,ti,m:u'~' t,r,iut liv rlr,tiuitirw. It i. It'ft t„ th,' t'r~tlr'r
In r'h,'rk tha1. utiv r,l.h,'r stat.ir,u:u.t' twiut iti ur,l :, n,hn~l ,tatir,u:uT pniut.
11',' uuw ,-uwr t„ t.ltr ctnrstiuu tuulc~r wL~t r„urliti„u, tlu'rr' rxititti ~ r„hust tit:t-
tir,uat.t' pr,int Fr,r a f,wr't.ir,u r,u a l,,,l~'t„t,r'. ht tltr rr~w:tiitiul;,,f tLi. u~r'tiuu wr~ prc,.'r~
Lhat ,'~'rt.v r'r,ut innr,u, Fttw~tir,u .( : I' H R" h:t, :t n,l,n,t ntat.i„u;,r~' l,niut aucl hruc','
,'„uliuuil,t' iti r~wnt};6 tn r~u~nn' tlu' ,,xitil,,u,'r~ r,f a n,l,u~f tit:ttiuuar~' f,r,iul.
D,'tiu,' tLr' fiwr'tir,u rl : R" ~-~ R I~`.
~l(.~~) - ~uitt,~ ~~„ ( l~~ - r'~ ~ ' )
Lrl ,~' - tu:,.~,.; i,ry(.r). Siu,'r' I' iti a Ixnturlrrl fnll-,litw~u.tiirn,:tl l,,,lclu',Ir„u, it iti ,;t~t
Iu w'r' tóat ,~~ ~ 11.I~~~~ I F L :rtt,l o r ~n. ;J, "r~ rlr.littr~ rr' :rt~rl h,(N) i~y.
nf - Lhal rró,
l,f(l~) - ~hFllAL-~~A- „rl ~I~NA.
Definitiou 2.8 l~i,r rnrle N E[II, ;], lltc .ti'ct .-l(N) in. R" i.v ryiru;n byl
1(N) -{.r' E li" ~ n~ ~.r C GI(N), jnr atAy I E Z}.
~1'r~ rv~tu:u k I Ir:rl fr,r r~ar It N E~ll. ~,], .a(N) iti :t uuu-r~ut),t;y tinb~r~t uf I' :wtrl .-1((I) - P.
Lr~t tlu~ r-,dlr~r t.irm „f r,nlon~rl iuclr~xrvl tic~t.n, ,7. I,r clrfiucvl Lp
,7-{1,-(Li..~..l.A.)~NCI,,C...Cl,A.CI fi,rr,:trlt IEZ,A-EI„}U{N}.
For 1. - 11.,..-.,LA.) E J:turl N E((1, r]. Irt.
F(N; l,) - {.r E-1(N) ~ n~'' ~.r - Gi,h(Il) fur all h E!A.}.
TLr~tt t: ( N: l,) i, a f:t,.r~ uf ,i(N) witL rlitur~tttiir,u rqna.l tr, Ir - d' iu c;c.u~ Li ~ V). Nutc~
tlutt F(N:N) -:1(H). I'ur r,:u.li !. -(Li.. ,l.A.) E.7, clr~fiur~
A.
F'(L) - {.r E R" ~.r - ~ Irl,nc'", Irl, ~ 0 for all Ir E!A}
tvitlt F"(N) -{0}. lrnti' wr, luttv, t.lu~ fc,llr,wiu}; Ic~utw:t.
Lemma 2.9 Lr l,l : I' r--' R" Lc u curAli.Teuurc.ti jruectiurA. Thrn. Jur cnclr N E (I1, i]
rr strttiovuu?I 'l~ui.n,l u.~' J u,e .-IIN) is 14N-1'OG9l.ti'I SI(tÍ20Tt(lT7f ~047t1 of .j.
I'rr,uf: tiiur~r~ .a(N) i, :t uuur~ut),t ~' ruu~"r~s r~c,utlru~t ,c,t. aucl f iy ~ rotrt.ittonti fnur~tiou,
l lut, :t ,t:tt ir,narY I,r,iut .' E .-1(N). i.r~..
(:'-.r)T.f(ï;)~U
fur :tll .r E.I(N). 'I'lu~n tltc~rr~ r~ziYt.ti L-(l.i,..-,I,A) E,7 ync'L th:t.t. - ' E F(L) ~tucl
(( :~ 1 E !-" ( l. ). Srr t lu-t'r~ r~xi~t Ir i 1 II, ..., IrA. ~ li .nc-h tLxi
A
j(-~) - ~Ir,,rl'~~.]u
`1'ithrrril Irwti rrf t;r~nr~ralil,~~ wr, iua~ ,u~.tinwr~ tlt.rt rtll Irr, ~ II. Lr~t fi. .... tr. Irr~ :t
tirqur~nr.r~ uf iur.n~:wiu}; I,r~itit~r~ iutr~t;oc. tinr.lt tli;it Lr, -{ ir,, ... , r~,. ~ fot r~:t,~h h E lA..
Nnlr Ih:rt It. G u. Lr~t Lo - N. Frrr r,xrlt (r E (A. :uul 1 E l.r, `Lr, ,. Irt rq -~A-r,lr,.
('Ir~xrl~, wr, h:wr, r~r, ~ n,r f~rr nll p E L, awl q E!., with 1 G i G.~ G k aurl
I(-') - ~ r'r,rr''.
hF l.i
1b'r, ~~.ill prrr~r~ br, - rrr'~ :' G N(b,r - n`r~ :'). II i, .nttir~irut trr m,trir.t trr tLr r~r~~r iu
w(rir-Ir l, E 1„ xwl q E l.;}i wil.ó I G i G k - l. 4ti5, óervr~ Iu r.rnr~irlr~r thr~ frtlk,wiu~
r~:u~rw:
('a.M, I: If ~L;~ f 1- ~ L; } i ~- 2, wr, lta~-r~
a~.r .. - br, - ~N".
( n~' ~- n`r) ~ : - Lr, f L,r - ,,;(1!" t (1„
It is r~ati}' Lu ,rr Lluil.
ll~, - rlr'T . " G ll(IÍr - rÍr ~.~ ).
(':4w~ '~: If I- ~ 1.;~ :wrl I l.; t i ~?'~. f.hr~ii wr Ir:r~~r~
u~n : - 6~, - ull" ,
(ur'fny)~: G Lr,-FL,r-,,:(N„tN„-i
b,r - n'~i .. ) ~N„ i
br, - nr,r .' G N(L`r - n'rt .").
IL li~lluw~ tlurl
Hr~tu.r~ wr, I,a~-r~
(',t,r :f: [f l G ~L;~ -F I- ~L; F i~. tlirn wr, Itwr
r, r . r,
Er„ r.,`Ir~l rr . G Er„-i.,`lr,l 14, - w~r,-„ {~ It.,l N.
r,r- n
Er,fr.,n . - ~r.fi.,Gi,-w~a-,~,i-~r.,~fl
!t. folluwti t.Lxt
G,, - rrr, r:' G ,.~(1„ t i ~ c.lIt
Ou tltr~ rltln~r ltnucl wr' Itet~-r~
I I,~u„~.
b,r - rt't ` . - ,~N„ ~t.,l
Lr, - rr'' ~:. G N(Iqr - n'r ~:' ).
(':rw' I: If I ~. ~l„~ t I G ~l.,i i~, tltr'u wr~ Itavr
t, , . t~
~n,l.,n .' - ~nrt.,bl,-~~ï, ,,,i-~r,~N ,
t, i . t,
~r„ r.~,lr,lrr - C ~n, t.,`It~I I't, -,~,~i, ,,}~ ~t.,~N .
l~ltiti itul,li,~ti
br, - nt,r :' G,~N„f I ~l.,l ('-'2)
l)u thr utl,rr It~.url, ~c,~ La~r'
t, r . n
~r,Ft.,n . - ~t„r,l,l,-,.,~íí-.,,ai-~t.,~N ,
NI' . ~r,,-t,~,{,tlrtl,i: G ~t,rl..~~{.rlllt,-~~íí-„t, ~t.,l
I~liiz itt,~di,~~
l,,r - n`tT ï' 1 ,.,N"-~t"~. (2.3)
`',nv il fullr,w~ I'ruui ('~.L) ;,u,l (2.:3) tLat
l,r, - rd.~ :' G WN"t~-II"~ - N.
l,,r - n'rT - ~N"-II-,I
Hr'urr'
Lr, - nt,r .} G N(G,t - n'tT -~).
(',ttir' :~: Fnr ;tu}' I' E 1,,, `Lt, wt' h~.vt' v,, - 0. Takt' xu,y q E Li. It iti c'lr'~.r that
ti,r ~ vr,. "I~Iti~ r~.wr, r-au I,r' 3,rr1~'t'rl iu thr axtur' wa,y' A.ti bofurt'.
O
Theore[n 2.10 Lul ,~ : f' L-~ li" Lr n cnntin.unns (uTlcf.iun. Then. ,( h.ua ttt leas't
U1[C T71111t.ti~ .YÍll17.UTlrt7'll r)0271Í.lo
I'IUI,I`. LI'I {llA.}~ 111':1 ~1`(1111'lll'1' III IIIFtiItI~'1` 1'1':II lulullmt~ niril ilc LI't~t'IV'u il`t(, aull
'-, 1 uu"'r~iul; II) zl'rl). .`LLl,rlliu}; II) L('uull:l 2.9 tLl`rl` 1'zititti .I HI-rul,n,t ~t:ltiuuar~
))Illllf J'(lil.) ll,l' 1'aa'll A' E N. 51111'1' f~ Iti A 1'111111):11't ~rt. fIU`i'1' 1'`INtti il ~1111~1`(1111911'O
11111 111 {.r'(llA.)}~~ fl)11`'1'f'J~111~ t.1,:11'111~11'I' I)IN111 .1'~ E 1). II Iti 1'll':If 111:11 .l'. IF :1 CUINht
titatil,n:,1.1' I)uiul t,f ~ uu Í'.
O
lu tlu` yulwr(Inrui nl`('tiuuh wv` will tll`t'1`lul, au nl};uritluu tu tiull a rulnht stx-
til,ual,~ l,(,iut I,f au~- Iv,utinm)uti finu'til,u. Thiti rll~l) l;iv(`~; .1 1'uutitructi~-(` ]uc)of uf
'I'll(`I,rl`nl 2. I11.
3 A continuous refining triangulation of poly-
topes
lu fhiti Wv'Lil,u wl` iutrlNlurl` :1 triatll;nl.(tiuu 1)f tlll' 1)1)I~'tl,l,l' ~~'llil'll nullc`rlil`~ tlu`
:11};I,rilllln. Lol r- lr,i,...,r„ll I,1` :LU~' lx)int ill thl' intl`I'il)r 1)f ihl` lx,h'topl` P.
'1'hl' l,l,iut r' will I)1' LIII` a.a.rtiul; lu,iut I,f tlll' :Ill;uritlun. LI't w: - rl(r). It iti ('lo:u
,,; G,.,. NOw wl` rrl)Irlrr wr I,~' „~ iu (2.1 ).
`~'1' sal~' tllat I E,7 1'I,ufr)ruiy tu .l E ~I, il' it ludch tLrlt r~'1`r~ Ivnupou(`ut nf !
iti altiu ;1 rlqul,l,ul~ut 1,1~ .l. l.l`I { f1A. I k E N} I,r n titriril~' Illv'rr:utiiul; hl`yuclu'1` u1~
rr:ll nnlnlN`rti iu (11. ~,~ rlnlvorRiu~ tu zrru. Lrt Illl I)1~ :1 rllu,taut I)i~gl'r tllall Hi. Fur
!. - ( Li."' , I,A.) E ,I. II`t
F(Bu.NI: ~.) -{.rLr - nr~ }( I- n): li)1' nl,ull' F F~(Ili: l.) :ulll rr F [u. l~ }
null G)r k E N
I''(t71.I1A l i: l.) {.r[ .r - ull F( ~ rr): fru .ulul' rl ~ 1' (NA; Ll.
- E F(NA.r,:l.), :unl u E[0. I~ }.la
F~rr L E ;1 aurl f E N, wr~ ~Ir~urrtr~ tLr~ niriuu rrf h'lB;- i, B~; L) uvor ~- 1, ..., l
In- .~(fl,. l.l. Frrr 1 E Nu, tlr~~ nuiuu uf F(Br.Br, i: L,) rrvr~r xll L E,7 iv clr~uotrcl
Ir~' ,F(llr.l),ii). Frrr L E ~7. wr~ clr~ur~tr tlrr~ imiun rrf F(Br,..BA.ti;l.) uvr,r :rll k E
N„ l,~ .F(l.). tirrti~r tliat tlr~~ rlintrutiiuu rrf .F-(l.) iti rYtnal trr I - u- k f 1 fur
!. - I L i. -. l.r ) E ,"1. 'l'In~ rntirrn uf h'Iffr, flt r i: l.l ~rvr'r rtll L E ~I :uul :rll f E Nr,
i, r,ctual tr, tltr~ iutrri~rr rrf- thr ltrrl~'trrpr~ 1'. ;1 tiiutlrlir~i:tl ~ulxlivi,iuu nurlr,rlyin~ tho
nl};r,ritlrtu rnntit Lr~tinr-It iLat r,w~t7 ,r.t h'(fIA,NA.ti;L) ititinltdiviclr~rl iutuf-clitw,utiional
tiiwtrlirr~n. Sur-It :r t.ri:nt~;rtl:tt.iuu r-au Itr rlr~r-rilrr,rl :4ti fullow.. Frrr L E 9, wr dc,uutr~
r(11, l.) - r-:uul frrr I E N, k~l r(l, l.) Irr a rrlettivr~ iutrrinr ttuluL (o.g., tlto Ir:uyt'ourt~t')
rrf F((Jr; l.l. I'~rrt L E~I, if' L r~uu~ititti rrf rr r~ruuprrur~utti, tLr~u F(l, L) it; .r vr~rtr,x rtf
1(Nr). Pur };r~urral L E ,7. Ir~t F(flr:L(rr)) Irr~ a vr~rtr,z rrf F(Nr:L.), i.r., L(n) Ita.ti rr
r rruytuur,ut, awl L r.rntfrrrtus tn f.( ~r ). IVlrrrouvr,r lr,t ( L' . h,~, ...,!,')- ry( L, L(tr )) lu,
a rrrufrn'tnatiuu Lr~ta'rr,u I. :urrl L(rr), i.r~.. L~ - L(n), l,~' E 7 frtr A: - 2, ..., I- 1,
l.' - l.. l." r-rntlirrut. Irr LA ~:r.url Ir.iti rrur~ rnntlrcmr~ut Ir~sn tlt:ut LA ~ fur k- 2. ...,
f. Fur t;ivr~u k E N,,. L E,7. :r.url ~(1„L(n)), thr, tiitlrtiot F(flt,flt,F,;L,~(L,L(n)))
rrf' F(Ht..Ot, i: I) iti rlr-fiur~cl tri lir~ tlu~ r~rruvr~~ lutll rrf r~(d', L~ ), r~(A', Ll). --~, n(d'. Lr),
r(d -F I. l.' ), r(A f I. l;'), . .. nurl r~(d t I, Lr), tirr
u r ~ F'(flt..NA.{i;l..~(L.l.(n))) - {.rE['~.r -r~(k,L(u))trvq }~rr~r~(tr),
J-1
O C ri C I, :r1irl U C rry ~ G... G rr~ G 1}
wltr~rr~ rj' - r(A f- 1. L(rr)) - r(d', L(rr)), aurl for l- 1, .--. f - 1. O C rr C 1,
q'(r~ 1 - n(r(k f I..lrti) - r~(k f l,.fr)) f Í1 - r~')(~'(A'..I~tt) - r~(k,.l~))-
'TLr rliuu~utiirru rrf F'(HA., flA, i; L. ~( L, L(rr))) iti rctn:tl to t :ttxl F(f1t., N,~ti; L) iti thc~
~nur~lt ~~f h f Fft . flr, , ~: -,11.. L( rr l U rwr,r all r~r,ufr,rutrr.tirrus ~( L, L(rr )) and ovr~r all imlr~x
Sr~t,ti 1,(n) r-uufrrrtut~rl li}' L.I -l
Deflnitiuu 3.1 Lrl rl ltr' nn nrLiltrttyl pn.,-ilerrr ixrlryrr. I''r~r Ir E Nii. fhr .,rl
(;'t( A'. l; } I: l.. -~( l., l,( n)) ) ix tltr r-ullcrti.utt uj f-.,rtn.plirr-., n(rr. r l rrrtlh rrrrkirr.v ~lr .
... y' ~ r itt l~'(Ild., (Id. ~ r: l., ï( l,. l,( u))) .,'nr'h tltrtl
(IJ llr - r(A'.L(n)) -} n(11)d ~rj~ f(u((1) f rlA') ~~~-~i n(.l)rlr(rl ~rr(II)) rrltrar n-
(n(II).n( I).... ,n(n - I)) ~ i., n vcrl.nr r{( itdtc~lrn. .,xtch thul 11 G rt((1) G rl - 1.
nvrl n(u -- I)- ~.- rt(l )- 11 G n(I - I) ~ - n('?) G n; l l C n(O) t rlk:
(l) rr - ( )rr , . . - , nr ) is n prnn.nlntiun nJ (11. I. . . . . t - 1 ) srtch dtai ., G .,' if fnr
,utnr y E ~ I.. .., I-'L i il huGl.ti tlutl n. - q. 1r,, - q f I. n(q) - n(q f l 1 in
rrt.,r rl ? I. rndrl n(11) f d'rl - n( I) nd crt.vc q - II:
~'l~ l,r~l. I ldr Xxdr'll lldrdl A~ -(1. ~'!tl'td
r~ i i
~j ~~
- llr } (n((1) } krl) rrl"r(rl rn(11)).,l - 1...., i- 1.
- r~(A', l.(n)) } ( a(11) t l )rl rrjr
r i
~(rt(11) f 1 f drl) ~~n(I)rl~(d ~(rr(11) f I1)
~-i
-i
t(n(11) t I -} krl) r~rlxr(d-r(rr(Il) ~ 1)).
,- i
Ir' }(tr(11) f I ~ Arl) ~y"'(d ~(rr(It) } I)I.i G.l G f.
Tlrr, M.I C`t(k,k f l;L.~IL,L(rr))) i, .r tiirulrlir-irrl tinlrrli..inirrn r,t' F(Hd..Nd.ti:
I„ï(l.. L(n))) witlr l;rirl tiizr, rl ~. `1umu~'rr, tlu~ nuiuu Gd(A.d' f 1: L) uf G`r(k, k t
1: ~( L. l.( rr ))) rrcr~r a.ll t'uufuruutrir,uti ï( L. L( rr )) aud L( n ) r-uufuruu~rl I,~- L i. a tiittd-
Itlir'i.rl ~nltrli~-itiinu uf f''(Nd..N,t.fi;L). TLr~ rwir,u C'r(k,k ~- I) uf C`t(k,k -} 1: L) o~-or
:rll ~r~i~ l. E;I iurlnrr.:r triau};uhtiuu rd'.~INd.,Hd.ri). 'C.rkiu); Ihr uuiuu G~(A') ot
C~'t(.l,I t 1) u~'rr.l - 11, 1. .... A- I. wr ulrl,rtiu :r tiiru(dlir'ial tinlrrli~ isiuu uf :1lBd.) ~citlr
l;ritl tiizr rl ~. 'I'lu~ rwinu rrf G't(k) rr~t~r trll k E N„ iti a r'uutiunrru~ rr~fiuirdl; siurplicial
.rrlxli~ i~inu rtf tlu, inlrrirn ttf faml iti r.allrvl I lu~ P-tri~rrrl;irlatiurr nf P. ~1'r~ rr,ttiarkI llr,t fr,r L E ~I tllr~ ,luir,l, G'rí L) uf G`r(A. A' f 1; l.) u~'rr A- I1, l, ..., iti .1 tiittlplic'ial
tinl,rli~'i~ir,n r,f tór' hr't .F(l,).
`ti nr,tui ~cr~ litir~ thr' I~:nr'lirlr':,n nr,l'u, ~~ ' ~~ iu 1{,,. I~ur :, ,r't l~ iu Ii", wr rlr~fiur~
tlu, rli.uw'ir~r r,f Lt I,c
rlinrrr(13) - tinl~{ ~~!l~ -!1~~~ ~!l~.y' E L3 }.
I'Itru fnr er.i~'r~u k E Nr~ tllr nlr'till tiiz,' nl' (:'r(l;, L t I) iti r~clntl.l tn
r1t.,r - tiul,{ rlinrn(rr ) ~ rr E C'rlA'. k f 1) }.
`uW' t~'r' I1:~~'r Illr' fr,llrnciu}; ul~u,t'~atiuu.
Lemma 3.2 Fll1 LIIP h-i77.l6T4(t1lllltZU71. rrJ I' Yuith yizd sizr. d- ~, it hnlds that
litu AA..,r - 0.
A.-x
'I'llr' P-tri:,u~;rilo-ttir,u Ilati tlu' fullr,wiu~; ),nr)rr'rt~' tLa.t t.Lo rliatur'tr~r rrf thr~ tiiutplir'os
r'r111Vr4'};t'~ tr, Zr'l~r, W'llr'll I lIr' 11r,llllrl8.l;~' r,f h IS it)11r1'tr71('l11'fl.
4 The path of the algorithm
`uK' WI' llitir'll~ti llOK' l.r, r,1N`I'Atr` t lu~ al{;uritLw iu tllr' P-t.ri~.ttgnla.tiun uf t.hc~ ltnl}'topo
1' tn xlrl,ruxiluatr~ a nrlmtit vtal iuuar,y' pninL nf ~, r'uutiut~ rutifiulrf iuu ( r,u I'. Stxrtiug
,it tlu~ lrrriut r, tlu' .,IRrn'itLul will kr'ur'ratr, ,1 u'clnr~uc'o of ;ul,jo-u'r~ut tiiutplir'r~ti of tLo
I'-tri~ugulat iuu iu t Ilr u,t .~( L) Ilaviug l,r'utulrlr~to r'umtllou fau'r,ts, fur var,yiu};
I.E.7.
Definition 4.1 Lr t.~ : P~--~ R" br' u curtf.in.uuuti jtucctxun.. Fur gizrr:Ta L-
( l.i . Lt. ) E ,7 u~ul .. - t nr t- I. nrhrrr t- n- k f l. nn ..-xi~nplc:r a ruitlt
r;t rl'ir'r:~: ry~ .. .. .ry" ~~ r, l.-rmnplr Ir if llrc .,pt.,'Irnr u( li.trcrn' crptati.urt.ti
,}i r r u 0 iÍ.l') r' ~~, ~ -~Ir., ~ - (~l.1)
,-i ( 1 i-i (I 1lf,
raltcrr 0 i., att r,-ncrlur uf wctr,.v. hn., u sulnliun ,1;. r E l.li. Ir~. .Í E Ir. .,ntisfryfng
`; 1 11. i E l, i ~. !r~ ~ Il. j E IA..
lutir-c` tlult tltc~ tiytilr,tu ( a.l ) It:u, .4 f]~ k rrdntunn, ~c, wltc~u ., - t- l. thc` tic~tc~ut
h:l. rr i I r~crltntmn :Iwl fcrt .ti - I rrw, c~uluuttt utcrn,. .~ tic,lntiun .`,'. i E l,,i. Ir~.
l E Ir., will lu, rlr`urrtcvl liV (`',lr').
Nondegcueracy assumption Fc,r ., - I- I tllc~ ~~~,tc,ut (~.1) Ilati :1 nuiquc~
~cdutiuu (`",lr") with a,' ~(1, i E l,, aaul Ir~ ~ Il, ,l E Ir.. aucl fiu~ ., - f at tuotit one
r-crtupc,uc~ut ul' (~',Ir') i~ c`ctn~tl tcr rc~ru. Wr rrtu:lrk tltat thi, aw,nuq,ticm c.:lu c,:l~il}~
I,c~ rh'crtrrvl if wr n~c~ t.llr lr~sic.rr};1'a1,ItÍr pi~'Irf.iul; tnl~tlunl tcr tiuhv~ ..~'~trW ( l.11. ti~`i`
r~.t;.. 1rN111 ~l l~ rrl' ~:1.11~ ~lJ~.
l'urll~r Illi, uuuclot;r~uc`r:u~)- :uti.~luttpt.icru n" -{ r f iti LI~-c~uwl,lc~tc~ tcitlt L" -
( Lt~ ,.. . 1.;; ) E ;1 wlu"r,, L~ -{ i i,..., ir, } fur h E I,,. ,uc.h tltat t Itr s~~vtc~ut uf line`ar
or ptrt.til rtt~
r.ti
.fl r') - ~ Irr,n
~-t
h:u. ticdnl,ilru~ lrr, ~(1 Grr :tll h E 1,,.
'I'Itc~ al};urit.hut nnw axrt.ti wit II n~' fur L- l.'t :lull fr,lluw. :1 .cvtuc,uc~c` r,f :uljacc~ttt
I-tiituplir~r`, iu .F(l.) fur ~.:u-~'iu}; L. l, E .7, ,urh Iltat tltoir r~c,uttuuu f:u-r,t, arr` l.-
r~ntuplr~tr`. lu tlti~ w:n withiu :, tiuitr ulnttln,r r,l' ~tc,lrn r,Ítllc~t thc~ :IIRc,ritltur rc~ac~hr~y
:1 prriut .r in :lu n-rlitur~u,iuu:ll ,itnlrlr~x Gn- whic~L j,(.r) - tl fnr r~~c~rc .f E 1,,. I~ hc`rc~ J
i, t.lu~ I,icrowitir liuc~:u (1'L) :1{,I,nsintnt.iun c,f ( willt rr~a,r,r-t tu th,~ P-Iti:w};ttl:llic,tt.
ur fcn A- I. 2. .... tltr :tlgcrrit.luu tiuclti :lu .IIA )-rr,tut,lc,tc, ,iutl,lr~~ iu F(Nt;.l(d ))
fc,r ~cnnc` .l(A ) E,Í. Lr~t { N, ~ I E N} I,c, ~ivc~u :1. iu tic,c.tiuu 3. `uw wc~ Lx~.o tlu`
Grllr,w'iut; rl'tinll.
Lcunm:[ 4.2 l'r,r .,nn,.r 1 E N rr.nd L -( L,. ..., l.r ) E,Í. lrt R v~ith urrhir~rs
y~. -... y~ Lr rnr l.-runtl,lrlr ( I - t)-aintplc~~ lpri.n.q in h'(Nr:L). Lrl (`'.lr') bc tltr:
runr sp,nulr:nq ru,.irlru .,ulrrli.nrc „J.,pl.,tcfn. (d. l). Thrn .r -~~ - i.`;q' i.v a Nr-rnórrst,Mltrrnul ~l !rrrinl nf llrr Nl, uplrrn.rdturttzun l rrf ('fn'ith rr.~'IXa~I fn tltr I'-In.raTaq7alralrun.
lVÍu'rrunr7. r i., ra SllailllTlydT7J 11U'ITLI uf f un :l(NI).





~cLr'rr' lli, ~ 0 fur Ir - l. .. . G. SII .r E l.'(Nl; I) .LUrI .f(.r) E F`(L). A('r'urcliu};
tn Lr'liilua '!. I I Ili, i1nlJir~ti Ili;rl .r iy a,I.ItirluarY' lnliut uf .f rlu :1(fll). T3y ;Illlllyiu};
Lr'uuu;l 2.J ~~1' kurrw tllelt .r iy ;1 fll-rulnltil vtatiuuluy lluiut uf .r.
O
'I'hr' m~~t Ir~uuuel ,Ilrrwti Llult .1 Fll-rfllmtit tit.Itinu.u:Y' lluiut uf ,j iti o-wl xpprrlxiulxtr
NI-CUll11Kt ~I;Itilrllil.t')' 11r1Ílll uf r.
Letnula 4.3 Lrl fp.d -- .ulr~ rlirfnf(.r(n))I n F(~`I(! . I.l) }. Lrl.r Gr uNl-ruL7a.'1
h~Illf't(171.ldT71 1)U'I'R.l rlf lr,r' 1'Ii Iallll7~0;lai2llL2llYl ~ Uf f 911'lllf. 7'lLti1X:('i. ÍO ildC ~~-fTZldia(IILI(IiTOTa
uri.th yTi.rl ..'i:.r- (1 ~ nLtrri.n.cd Ly Ildr rdLlurilldna. sn Uaat .r E F(Bl; L) f(lT' tilITIdC L E J.
rldr:71. ,r(.1 1 la('A' 'lil. Ilar- Ilr ~l-7a!'dr!IAIIr)7'Ia(NNI rlf ~ '( 1. ). T.r'. IId(:TY' T.ti !a fl E 1~( L) .sTdr.h F.hnr
II!I - .r(.1 )II c flr..l.
I'rnuf: Lrq !l~. ..!Ir Irr' t.llr crrl irv:ti nf~ a (I - I)-tiilullloX rrf i~`I(I - I.l) iu F`(flr; l,)
r'rnltaiuiul; .r. 'C6r'u f-~; i a',.I (!1') lir', iu F"(1.), wlx,r,, ai. .... ~~ arr' c'uuw~x
r'rrullliual irru r'llrtfir-ir'lltti hw ll th:ft .r -~; i`~!~. H('urt, w(' Ila.w'
Il.r(.f ) - .rc.l )II - II~; ~ a;f(!~~ ) - I(.f )II
- IIE;-~a;c.rc!l~)-.r(.a.))II
~ ~; ~ a;llt(!1~) -.ic.f~)II
L Ip..l.
Givr'u n 1~Ilur'tirru r' 1' ~ R". Ir't u~ clofiur' x fiulrtiou q: P H P Ily
V(.1 ) - nrqfnin }(.1' f .r(.a ) - y) r(.r -f .r(.r ) - !I) I !I E P}.lY
Vnw cc~~ 6:It~r~ Ilu~ frrllnwiu~, n~~nll.
Lemuia 4.4 l.rf 1: I' r-- Ii" br rt rxnetinrtuus furu l,ur,. "I'h, rl .r" i. n.,Irtli.r,nury
1N,z,ri „l.I ,m. I' zf ,r,e,t ufch~ íf .r' r., ct lircrt ~,r,ïnt uJ~~.
I'runl': Siurc~ 1' i~ ;1 Lulwclc,cl 1'r,uvc~s trcd}~h1~clnnl, il i., 1'Ic~:u tll;lt ~~ i.:1 Lilr.cllitz
Inuliunun, fnurtiuu. Su111ruM~ tónt .r' in u xtali~,uan' Ir~,iul rrf' j uu P. .`c-~ ~~rlliu~ tn
Lc,tntna 2.-I Illc~rr r,xintn :1 tirt I E Z xnc'h th:lt .,' E t~( I) :4url ((.r' ) E F'(1). "Tltl~ll
il i~ c~:4~~~ (rr nc~c~ I Ilat. g(.r' )-.r`.
Uu thc~ ul.lu~r It:4ucl tiulrJrnW, 111:41 .r' E P i. a tisrrl Iruittt uf ~i. `1~r~ tióall pru~'c~
t.lla.t .r-' Ín :thn u~t:4tjrfl1:41'1' I~rritll rrf 1. 5111)IpLLtir~ lu tllt~ 1'Irttft':It'C tl1Af ii t6 llui R
aatilru:u;~' tr~riul. 'I'lu~tl Llu~rrr~i~l.:4lxriuf..r,nc'll tll:tl .iTl(.r`) 1 .r.r((.r'). Lc~t -
Irr :4 rnuvr~ c.uutlritta.l.inu uf .r' aurl .i, i.c~.. :-;i.ï' -} ( I -.i).r' fur tioltu~ .i E[0. 1~.
13~~ t6,~ Ilc~tiuitiuu nf y wc~ Itavc,
( r r f .r(.r'R ) - - )' (.r~' f 1(.r ~ ) - .- ) ~ .rT (.r~- )1(.r' ).
It f~rllr,w~ tllxl. fur xll ;i E[0, 1~.
~i(~i(.r' -.i')t (.r' -.i') f 2(.r' -.r)T I(.r')) 1 0. (-t.2)




(.1'' - .I') (.l'' - .I')
OIrivlntnl}', .irt ) 0. Lc~t ;ii - tuiu{ I..flt{. It iti c'Ir~ar tll:lt for .f E(O..it ),
i(~i(.r' -.r)'(.r' -.r') i-'2(.r' -.r)T .l(.r')) ~ (1
wllic'll r.uutr:ulil~t, I~clltatiuu (~1.Y). Slr .r' ulu~a Irl~ ;1 tit:tt inuat.t' Iruiut crf .f rnl P.
O
b~"r :Irr uuw ~criu); tu tlí~'nti~: (lu~ ruuvl~t'};c~ur.r Irrrq,rt'tít,ti uf tllr ~l~ut'itllul. Fir~t
wv~ r~,uvirlr~r tlu~ ratil~ iu wltic'll thr~ :41~crrit.hw r'uu~'r~rt;r~. tu :1 Iwuull:lr~' pl,iut Irf P.Siu,v` I' i. , ulul,:u 1 nn,l 1 iti ,'uutillnnn~ nu I', tll,~ rrl(,r Tp,d t(`u(Ly t(, ~c`r(, a.ti t.L(`
lur,h hiz(' Tr,r ~n(`ti t„ z('ru wln'u I }{u(w t„ infiuity'. L('I .rr I,(` :t Nr-r(d,ntit ,tat.iouarY
I,uiut ul' J au(I lp.,r tll(` ,`trur iu Lrluw:l 1.:1. Snl,l„~tir tll:tl tlu` :1.1~(,ritlwl ~(`u!`t'at(`ti
I II(' ,(`(tw'm ,' 4( r, ~ h F N }„f al,l,n,silual,` llr-n,l,n,t ,t:ttiuunl:y' l,(,iutti (,[ .f wllirh
111('n'G,rr L:I~ ;~ rlu,t,'r I,(,int ,'. I~(,r yiult,li('it.}' (,f u„t:lliuu wr !'au :Ltitituu(` thnt tóiti
"'ttlH'IN~,' II„'ll ,'„II~~('I~};('~ 1(, ., ~. "1' A.1'(' II„W' 1',':Ul~' I(, tiI~11.f.1' t.lll` ft1111,W111~; t1N`I,1'1`II1.
Theorem 4.5 L, I{.rr ~ I E N} I4(' !4 9I'419L(:14p' 11C74CT'llil:ll 1471 7:I4C ItI!l0T1LIN44 'tllttiL
,r E h~(flr:.l(I)) J(,: (,4(d,. r E N. TI4(T4 t14r srq'ru:Tecr {.rr l d E N} ltns n cluster point
J"~ TOI4Tr:I1 2s n. ruó'ust nlulriuT4nry p(4rnl nJ f(n4 I'.
f'ru(,f: 'I(, l,ruc(` tllr tllr(,r('In, w(` tirst rxt(`u(I t.h,` (knuaiu of r.h(` PL :Lf,proxituat.ion
f of ,(. li('1':III fnuu L(`uuu:l 3.'? tll:,t fur rl t;iv(`u 1,(~,it.ivo iut(`l;(`r (l, t.L(` tuotih ,iz(`
r'r.,r ,-uu~','rt;o, tu ror(, ay I};(,o, t(, iutillit.~'. WI` ('au takr .f(.r) t(, I,(' .f(.4') if .r li(`h (n4
tll(' I,(,nu(I;ui' ,d' P. ,in('1' J i, :1 ,'(nlt.iuu(nlti fnurti(,11. H!`n(v` .f iti :tltil, a('uut.iuuuuti
fiulrti(m „u I'. Fruln L('uuu:, .I.'? w4` kuuw t.ltxt. fnr (`tu'lt l E N, .r' i.ti a. f14-rubntit
,tatiuuat.c l,niut of f. l3}' (I(`finitiutt .r` i, x rul,ntit ,txtiutlat:Y poittt of f on P. Now
wr ar(' l;uiuh tn ~huW' tllal f„r :,.u}' t;iv(`u r~(1, tL(`r(` (`xititti .1 p(,~itiv(` intc`g(`r A1,
,u('h tLal fr,r I E N witl4 1 ~.11, th(`n` iti .1 N(-ruLntit titatioua.ry p(,ittt rlr E A(Nr) uf
f(,tt P wlli('ll iti iu tL(' F-u(`i1;66urltu(rd uf .4'r.
L(`t
( :1((I) fur N E [(1,(11},
(~(Il) -
(Il
:1(NI llN - 1)~INI - I ) -~ { 4' [ÍH - NI )~Í1 - NI ) fur fJ E [BI, 1~.
Oliti(`rc,` thnt ( '(N) i~: ('uutaiur(I iu .-l(fll ) fur auy N E[HI.1]. Ati N(I(`cc(`n.ti!`ti frunl
l I(, (l. Illr tirt (-(N) firyt (`xl,au(Iv fruul tlu` ,tat'tiu~; p(,iut. r~ t(, t.llc` vc`t A(NI ) ttu(I
tllrll In tll(` wlu,l(` tirt I'. Lrt 1(N) (I(`uutr tllr h(`t „f ~latiuua,ty l,oiutti I,f f (,u il(B)
fur (l t II1. II. V„li,'~' Ihal G,r I~:u'll 0 C(ll,lll[, .r i~ :1 ll.rul,u~a ~I:tli(,uar~ t,(,iut if .r
I,rl(,11~;~ tu th(` s(`t ) (N).'~t)
rrrr r.:rr-1~ N E[u. l]. rlr.n„r. :~ m~rr-t i,rr, r,~ : r~ F-. r (N, i„
r
rln(.r') - rrryrrrirr~ (.r f ~l.r') - rl) Í.r' f.~(.r') -!I) ]!1 E r(N) }.
tiiurr~ ((N) i. a r~rru~~r~s W~t .rnrl J iti r~rrutiunrru.. Ihr~ Ihur.rirru qo iti a r-uutiununti
frwrtirm. 13~. Lr~wwa .1.-). .r E)~(N) if :,url uuh' if .r - rlol.r). Dr~ti„r~ a hun,utnlic
Iiiur~li~rn ll : I' x [Il, I] r--~ R" 1,~.
H(.r, B) - .r~ - !lol.r ).
"l'hr~ fnnr~l.irru I! iti :thu ., r~uuti,ua,u~ fnnr~l.ir,u. Nrrt~ Ir~t
N~(0) - 3(.r,N) E fx[0, 1] ~ HI.r.N) - 0}.
Lr~l r(N) rlr~urrh, LI~r~ tir~l rrl~ tit.alirrua~.t' ~rrriut. rrf f r~u 1-(Il) G~r rarl~ N E[(l.l].
Si,uil:ull~. :~ r-r~uliunrrn~ fnur-Liuu C with n~til,r~r.t trr ( r.:w I,r rlr~tiur~rl a~
G:1'x[0.1]~--~R",
ti~u~lr tlr:,t
"L(N) -{.r E f' ~ G(.r,N) - 0}, N E [0, 1J.
C~(0) -{(.r.N) E f' x[0. 1] ~ C(.r.N) - 0}.
~' - Lr~, Br ).
It iti rlr~ar tóat litrtr .~,rtr -~' -(.r'.(1). I)ofiur~
Lr,r
Frrr r~:u~h I E N, Ir~t
`~(F)-{(.r.N)EI'X[0,1] ~ ~~l.r.N)-l-.r~lllGe fufnrilur, (-.ri)Ef~ ~(0)}.
"I'Irin iru)rlir,n tlr:tt
~~H(!'')]] ~ 0 frrr :wry' r,~ E fz[Il. 1] ~ ~~'(r).~? I
`„tirr~ ili:,t .`'(r) iti,~l,r~u. ~rr th,~ „~t I' x[tl, I] `A~(f ) iti r'r,wl,:u.t.. It follow5 frotn tLr~
,~ru,lr,irlur~y, tli:tt tl,~~ iiiinitnuui r'au Lr~ :,tlaiurrl. '1'I,rn~,~xitits ri 1 0 snc~lt tóat
,,,i„}Illl(r~)[I [ c~El'x[0,1]`N(f)}~v.
'Iltiti itul,li,~~ tltat if :r Ix,iut , E I' x[Il, 11 satitifirti
IIH(,:~)II ~ t'. (-~.3)
1Lr~u r,. uni,t I,r, in .~ (r ). L3r,r:utw~ H ruul G arr~ ,u,iforntly r'r,utitutous ou P x[0, 1]
:turl ,j i~: tl,r~ I,P :rl,l,nrxituaiir,u rd' .( witl, mtipr~'t tu t.Lr~ P-tritwtgulatiou, wr, cau
I,r~w~r~ tlutt
IlHCr~~) - cc~~')II ~ r, ca.a)
fur n.tt} r~ -(.~ , y) E I' x[I1. I] iuulr~r Llu~ runrlit iuu cli~.t. t.lu~ rlia.tnr~tr,r r,f t.hr, tiiwl,lir'r~,
iu wltir'I~ ., li~~, iy sniall r~ui,nt;lt, ,:~y', nwallr,r tltxu ~~ Il. Givou att,y F~ ll, Ix,i~a,u~,
r,f .~ l,r,iut; :, I'L al,l,n,~iutatiuu r,f f it liulrlti tLa.t.
II (c-r ) - rc.~ )II ~ r.
fur a.tn' ., E 1' whr~u thr~ rli.uu~~tt~r r,f t.Lr~ ~iuil,li,~r~ti íu whirlt .r lir~ti, iti tiw~.ll r~tu,ugL.
Frrr :wl' Ri~'r~u .r E P:turl au}' H E[0, 1], rlr~fiur~ x ftuir~t.iuu h~ : I~" H (r(y) f~y.
i
hn(.r 1 : ) - nrqn,in~(.r -i : - ll) (.r' f : - tl) I !1 E (r( N)}.
It iti r'Ir~;rr t Ii:,1 hri i, :, I.ilrtir.liil.z ~'r,titiuur,ii. fitw~t.iutt. F,u'tltc,nnum, it. iti r~ayy tr, .r~r~
rlt,tt fr,r :tll Ir. q E R"
Ill~r,c.~ ~ 1~) -1,,,(.~ t rl)II s III~ - nll.
TLr~u it G~Ilu~ti-, itun,r~rliatrh' tliat
IIH(~') - C(,,')II - Ill~r,(.r ~- .((.~ )) - h~(.r f ((.~~)111
~ Ilíl.~ ) - .((.r )II
G F..p)
L~~ii~uri :3.2 sl:rl~~, Ihal l;i~r~u a lxiniti~'~~ iulr~grr rl an (};urn 1~~ iufiuit~. thr~ ux~sli
,izr~ l~r.,r ~~rnic~~r{;~~ t~~ zrr~r. 'I'lii~ itultlirs th:t1 tlir,n~ oxia.:r Ix„iti~~~ iut~,t;~~i II ~u~ 6
Il~al G~r r~~~~~r~' I E N w'it.li I ).11, il liulrl~ Ihat
hr.d G .).
Siur.r~ G~r :u,~' I E N witl~ ! 1:11, r~r E(~ ~(0). i.r~.. C(r ~) - 0. it fullr~w, fruut (-l.-t)
t Ir.~r
IIN(,~~)II c r.
I3}' (~1.3) rr~r wi~tit Ix~ iu N(f). 'I'hix iutitlir~ti that fru .ut1' I E N wíth I 1 .11. tltere~
i~ U~r E f1 t(0) wltir'It iti in tlx~ f-ur,i};Itlxtrlturxl rrf ~r. `1'itLcrnt ln., r;f gr,ui~ralit}- tct'
utay :rnxntur tha.l r,'.r -(!r.Nr). '1'Iriti iti wha.t. wr, r~laiwr~l.
Nr;H' Ir~l. n, t.a.l:r, :r. wvlnc,urr~ rrl' I;uvit.ier~ n~al untul~r~rti { rr I! E N} Hith liwit
rr,ru. 'I'hr~u fur auy !, tlu,rr r~xintti n r~'' Ix,ittt; a N;,-n;l,rt,t titatiuunt.~' priiut nf .f w'ittt
ILr" - y"II G rr. Siur~r liwr. -,,,,.r" -.r` ;t.url liwr .,,, ~r - 0, wr. ha~~r~
liw !~'' - .r'.
r-x;
Hr~urr .r' tti :r rulxrtit vlal.ir;ua;,~' lx;int rd~ f rrn I'.
O
Nr;w w~~ rr;utiirl~~r t.hr~ r.;~tir~ iu wltir.h thr :rl};urit.liui rr;u~'r~r~r~y tri a siuydr~x iu
t.lir, iutr~rirrr rrf thr~ Ixrlylrryir,. '['hi. uu,a.u. t.hat tlu~ alt;r;ritltut tr,rtuiu;ttrw with rut
rr-rliux~n,iuu;tl ,ititlilr~~ n witli cr~rtirrw qt, ... q" ~~ withiu .r fiuit~, unuJx,r rrf,tr~is.
Lr,1. .r -. ~" ~i~ `,`y'. 'I'hr~n fnr ~~ar.li R' E I„ it liul~lti flrrl jR.l.r) - 11. It iti r.lr~xr tltat .r
iti ri n~l~na a;iti~ruru.~' lx;iut ~~f j r~u I'. lf tlx, :ur~m':u.~' ~~f :yrpnrsitu:ttir~tr in nrrt ,at-
itif;u'trn.~', t.lir, al);nritlnu r'au Ix, rr~til;i.rtr~rl :tt tlir~ pr;iut .i witL a tiwxllr,r f;ricl sizr~ d-~
tr; fiurl a Ix~lh~r al;l;n;zituatr~ ruhutit tit:~tirru:u;~' Irr~iut. lu~lx~fitll~' ~silóiu :t,uixll uwu-
Ix,r rJ,lrfr,. lu tliiti r~;w.~r~ wr, ui:t~' a~tintur tltat tlm al~,nritlu;r };rur~rat~~. a tir,qur~ur~r,
j rr' I lr E N}. whr~r~~ .rr' iti t.lx~ rnlmyl til.alinnat.) Iruiul ~if ( nn I' rr~rn~~lu~urliuc, In2:3
i Itr' };rirl ,ii.r' rll, ~ frn :~ tit rir'f I~' iur'rr~rutiiu}; ,rrfurw'r' ,d t,utiiti~'r' into};!'rti { rlr, ~ h E N}.
It i, rrarlil~' ~r~r,u tluit fi,r r~'r~r)' k E N,i. tL!' tnr`.ti6 tiizl~ ~A..d~ trucly tr, rr~rr, wltl~u h
;;uo, tu iufiuit~'. Tlu'rr'Gnr' thr~ ,r~rtnrur'r' {.r~' I h E N f luu~ a tial,.,l~ynruc'r' r'r,uvl,rt;iu};
t„ :r f,niut I,r~iu~ n r,~l,n,l ,Iatir,n;,,.~' l,r,iut ul'.j r,tt I'. Fr,r x tinl,tir~t L3 of R", irrt(13)
rlr~uutr,. t6,' n'I:,ti~'r' iutr~riur r,f IJ. ~1'~' ur,w lutvr' tlu' Gdluwiu}; r'rrrollarY.
Corollxry 4.6 L! l rr' E irrlll') (x f.ltr rnbutil .tituhi.uurn'rl poi.7At oj ( rlettcruf.crl Gy
th.c ulyurilb.'rn jnr tlAr I'-Iriu7rqrtGtti.un. rnztlA yri.rl sivc rlr~ ~, jor Jr E N. Sttppnsr' that
{ rll' I Ir E N} i.a n 1177r'Ilrl 276r'1'1 lA.ti77Arl .4Cr11Ar iACr nj 1NL5Ilxilr EfAlLr1C7'.ti. TIACIA ~Jtr: .ti'Cl1Tlr:RCl:
{.rr' I Ir E N{ h.n.,' n rluslrr purn.l rulAr.ch'i... a ruLrA.,'1 slnliuraruYl puxnl uj r rrn I'.
5 The steps of the algorithm
1ti !l!'ti!'ril,r,rl iu tlu' I;utit ,r~r-tir,u, ,tartiu~ rtt tlu, I,uittt r., tltr~ xlguritLtu will };r~nl~r-
atr' ;( nuirfnr' f'L lr.,th I!':uliu); lu nu a.pprr,xituxtr' ,uhttiuu l,y ttAxl:iug xltc~rttatitt~
liur;u' ln'uy;ratuutiui; ( I.I') I,i~ul ,tr~lw iu ,y,ir,w ( I.I );rnrl r(~pl.u-r~utout. titr~lrti iu t.Ll~
„ttrlr'rl}'iui; tri;t.nRttl:,.tirru. ~~'lu'u, willt rr'yl,l,r't tu tir,uto ,iuy,ll~x rr(rA, 7r) witlt vc~r-
tic'rn y~, ... qrt~ iu sutur" G(l.l ~ I; L,,r(L.L(n))) for tiotur~ I E N„ anrl ï(I,,L(rr)),
tlu' ~';,riaLl!' ,`,,, fr,r u,uu' q, I G q C I} 1. Lrv'utur-ti rr"ru tlfrrnt};It au LC~tivut.
titr'lr iu ( I.I ). tltru thr rrq,l:,c'r'turul titl~p rlr'torutiuoti tltr~ uuiqn!' t-tiituplrx ir(n, n) in
F'(Br. Nt t i: l., -~ ( I„ L( n))) tih.u iuR witl, a a r'uwtuutt far'r~t T ul,lronito tltr~ vortl~x ~14,
,utlr,titi iLiti f:u-r~t lirv nu tltr I,r,tn,llar)' „f thr~ tit`t F(Nf,B(ti;L, ï(L,G(7r))). If T clorw
unt lir'r,u Ilu' I,unurl:tt'1' uf F(N!.(Jtti;I„ï(G,L(rr))), LLr,u ir(u,ir) r';iu I~(~ ul,taiuorl
t'rutu u;,ml ;r as t;iw~u iu 'T:,I,Ir l, whr~t'r E(i - 1) i, Ih!" i-th uuit vr('tur iu R", for
rEl„u-1











"I~al,lr 1. I':u'auu~tc,tx uf a if t.Lc' ~'rt'Ir~~ ~~4 rd rr(n. R) i~ rr~)rlxr'r~cl.
Tlu' :tl};urit.ltnt c'r,utiunry witlt ir I,.y w:tl:iut; :4.u L[' t,icut arp iu (-1.1) ~cith
i i (.j ( 4). 1) , wlu,rr Il iti Lh4~ ~'rrtrs uf rr c,l,l,ovitr' thc' farr~t r. `1'lu~u rlu' L-c'omplr~tr
Eu'r't r uf I,lu' ~iwpb'x rt(r4,n) iu C'4(l,l f 1; L,;(L,L(4r1)) iti uut a f~r'r't uf xnotltc,r
l-,iwplr'x iu Cr4(l,l f I: L, ;(L, L(4r))), tlu~tt r lic,ti ou thr, honud~4.~' of F(N(.B4}i: L,
;(!.. L(n))). :`c~r~r,rrliu~ trr Ur~tiuitinu ~.1 wr~ Lwr~ t14r~ 6,Ilow-iuq Ic'u4uta.
Lemma 5.1 Grt rr(!4, 7f ) lN' 44 i-AYt74]llf:4' i14 F(N4, fl4{ i: L, ~( f., L( 4r ))). Tlec facet r
uf a u]4]x,tiitc f.l4c v4crt.r.:r. t~`(. 1 G ry C t~ I, lxcz ur4 th4 11U1qdclln-rJ uf kh.is set tif nnd
m4l,y ij mu: uf f.hc julk,vriiu~ cn.tics u(x~urs:
(xf q-l.ni-0.nndn.((1)-r1-1:
(iif I G q G Itl. ay - lr~l. n,4 t- Ir fnr.tiuntclr E j U}Ul4-.,. ulcrlu(h) - n(Irfl)
i,A ca.tir Ir ~ 1. ruul u((1) t A'rl - n( I) in ru.ti'c h - Il:
(iii) rl - I~ 1. 7rr - 0. nnd n(11) - 11;
(ivr) y- I{ I. trr - I- I, unrl rr( I - I)- 11.
tiulq,rr.,r' tlt:rl t6r~ :tl);uritluu gouc~r:t.tr~ tlu' siuy,lr'x a(r4, rr) :t.~ t;icc'u iu Lrtutua ~.1
awl ~,, In,rr,tur', rc,rn a.ftr~r tu:tkiu~; nu LI' pi~.rrt titc'I, in (-!.1 }. Tlu'u tltr~ f:u'c't r of rr
rq,lx~itr tltr w~rtr~~ il'4 iti 1.-('cruqrlolr. lu r':uu~ (i) fLr Fuv~t r lir~~ iu tLr' f~c-c~ Flyrtt: L)
rrf :1(flr~ i) :tu41 t.lu~ :tlRurit.l4tu rr~:u-Itrti a ll4r t-nrlrutit ,t:ttir,u:tr~' luriut .i -~;}i 1,11~
uf .( h'iug iu F(H4j i: l.). ff I iti lar};4~ runuRh. Ilrru r iti :tu :q,l4n,.~iutatc~ rulmtit?a
,I;tli,m:u~ t,,,iul rrf J OIhrrtri.,r.IJrr;rl};uril.litur.unliunrtiwitlt nlr~'nt:tkiuga.u 1.1'
Iricut ~t,,lr iu (.I.l ) tt it lt (.~ ~(!I). I)~. wltrrr y iti Ih,~ vr,t't.c~x rtf n ultltrtitiitt, tór~ f.u't~t r
:rurl rr iu l~~(fltrt.Ntr,:l..-rlL. L(rr))) iy rrlrtaiur~rl aa't,~'rliut; tu T:tLk~ 1.
In ,'atir ( ii) ;rurl if !r - 11. Ilu~u r i, a fax~rt r,f tltr~ 1-tiitultlr~x ir - n(n,n) iu
1'lllr.llr~i:l..-:(L.L(rrll) witli L(n) anrl r rl,~tiur~rl :4v Fitlluwti. Lr~t. L' - L(rr) -
ÍLi.....1,,,). `Vlu,u l."- -( l.i....,1.,, i), wr, Itavr, L(tr) - ( Li,....L„-I,L„) witó
1.,~ - I-„ ..U(L(n)` 1.,, i)- `1'hr~u l.' -(1..~,...,1„~), Ir~t L(rt) -(Lt,l,t,...,L„)
wit lt l. i - 1,., ` L i. I~iually, if l,' -( L i .-.-. L;, L; i,, --., L„ ) for tiomc~ i E!„-a, wt~
lt:tco L(n) -(Li.....l.;.l.;ti.L,t.,,...,1.,~) wit.L l.,ti - L;U(L;rz`L,tt). Tl,(~u
-.(L.l.(u)) -(L(tr).l.",.. , l.'). lu r':~hr~ ( i) :t.utl if Ir ~ 1, t.Lo f:u'r~t. r iti o-t Fu'ot uf f.lu~
I-tiitttltlrs rr - n(u,n) itt F'(I1r.Hrti:L) 1}'iu}; iu tht~ ~:nhtit~t F(Nt,Btti;L,j(L,L(rc)))
tvitL
-,(L,L(n))-(L',...,l.r,
Lr~-ti L~,tx „ Lr)
wlu,rr l.t' {~ E.7, L r, }~~ Lt'i ~, iti nuiyttrlY tlt~tr,rtuiur,rl Ity t.lu~ propi,rt,yir~h that L"}~
,rrufurut, t,r Lr'. lta, rtur~ r'cnulxiuout It~~.ti tluttt Lr'. :t.ucl iti ('oufurma(1 b,y Lr,tz. In
Iwtlt tinlrr~atir~x uf t':w.,r~ ( ii) t.ltr~ :tll;nrit.luu ttrut~r~r~clti liy wxkiul; :t.n LP pivot titc~p iu
( I.I ) w'il lt (.~ ~(!I), I)~. whrrr !I ih f.lu~ vr~t'Lr~ rrf t.lt,~ nr~w I-~iwplr~x á riliprrtiitr~ f,lto
F:u'r~t r.
Iu ,':t~r~ (iii) tlu~ f:urt r lir~y iu i,lu~ fa.r'r~ F(Nt:l,) of .4(Nt) ~.url tlu~ x1l;urit.Lnt
~'rrutiuur~y witlt n I~t utakiut; :w LI' ltiv,rl. ,tolt iu (-1.1) wit.lt (fT (!I), 1)T, wlu~rr~ il
iti tlu~ v,~rt,,~ rr r,ltlirrtiitr, tlu~ vr,rlr~x r :turl n iu F(Nr-i,Nr;L,~(L,L(it))) i5 ubtaiuorl
frt,ut 'I':tltlr~ I.
Iu,':uti,~(ic)tlu~f;t,'r~tlir,iul,ltrM~tF(Nr.Nt}t;Lr ~)r~f.F(L).Morr~prt~citir`ly.ris
tlu~ ( t-1)-situltlt~x n(n, ir) iu l~'(Nt. Nt~ i; l., ry( L, L(n))1, wLr,n~ L- U-t , l(L. L(n)) -
;L~... . L' ~ 1. 'I'hr~ ;ilt~;trritluu uuw tvrutiunr~ti It}' utakiu}; xu LI' pivnt tifr,tt iu (-t.l)
wit,L (-(nt'r~ )~ ,11)' , whr~n~ l.t, i, tht~ uuittnr r~nuyx,w~ut uf l,' t I,ttt unt. iu l.'.'?G
I'lllalll', II, LIII'Irll~;ll i411 l.l~ IrIC~d. titr'lr 111 ( t.l). Jl, Ir1~IV,I1N'~ X,'fr~ f~,f ~Ir11H' I E 1,1.
;tnll k- I, tlu'n t.ln' a.lgln'itlllu II'rlniuxl,.. willl tll,' :I~rlrrneilual~, r~,lm~t titelfiuuxr~'
~rlriul .,' -~~ ~i ~,I~ . Iu 1':~w, tlu' :Irrnru'y i, unt .,Iti.fac'tl,r~'. tlu' :Ilgurithul 1':ttt
nwl.xrl :It I,hl' luriul .r. WLI'u k 1 I, I lu'u t61' ~ilulrb's n(,1. ;, 1 i, a fxl'i~t uf a
uuiqn,' (1 ~ I)-~iwl,l,'~ ~ itt .Fll.) wifh L-(I i,.. .L, i,L,li. ...Lt.l. Tu hl-
l,rrv.i,l~. n - n(,,,a) lil~, iu Flyt,Nt11:L,~I1..1.(1,))), nllly',, n-(nl.....a,.t) :ul~l
~(l.,l.li~)) -(I~,...,l.~,l.). 'I'hl' al};uritluu ulrw lrrlrc'~vvl. Ir~' nl:lkiu};:lu l.f~,i~'ut
till'Ir iu (~1.1) with ( J 1(!1), 1) t, wLl'rr iJ it: thl' t':~rtrs uf a nplxt,itr' 1Lo fxci't n.
Tlliti 1'uu,pll~tlw tllt' tlt~'ri]itiou uf Llrw ta fullt,w a wvlnt~ne't' Irf euljtut~ut tiitnplict~s
Irf vat'~'iu}; Ilinlrutiiun iu thr~ P-triaut,ntlatiou Irf thl~ pol~'t.lllrl~ P.
6 Special cases
Wt' ulrw t nl'll tr, Ilitil'It.v., tlu' t'ay:~ wht~u thl~ Ix,l)~Ilrlrr~ I' i, ui,t full-rliuu'uninurtl. IF C
iti :t Itlwt,r-tliuu'uhilrua.l pulyt,rlrt, wl' ut~y o4ti,tinuu' tlta.t P t'xn hc~ dlwt'ribed :t.ti
r ' } -{.r E R" ~ ~I'r.r C G;, i E 1,,, aull ,~ .r - ~1~. ,~ E 1„~~
xull I' iti ~ituplt' xull ul, l'c~ttitrstitlt~ :u'1, rlvluudaut, wltill' ,linl(!') - n- ml, fur u,ttte
all, ll G n,~ C n. (u t.Liti 1'at.w~ Grr 1':IrL 1 E Z, t61'rtwl, F'(I) iti dt,fiuod bc
1,,.Í1)
- S t' E R" ~.r -~ t~t,n'~- ~ IIll~, 1~, 1 U for i E I, J,~ E R fut .l E I„~~ }
~c~ ~et,,,~
-
wLrr~' I'( I) iti :1 uuul'tupt}' fru'1~ uf P xull 111'tiuivl o-l,
F(I)-{.rEl'~n'T.r-6; flrr iElf.
'I'hr Ililul'uyilm ul',urh :1 faA't~ l~'(I ) i, Ivlual tl, n- n,' - ~1~. tiuw tLi~ Ilt~fiuiriou Iri'
rlrl,ust ,tat.iuuxt;l- Irlliut, iti t.Ll, hxuu~ ati iu I)I~tiuiti,ru Z.a rxlv'pt tllxt tlu' 111'fiuititrtt
Id~ f1-t'nlrlltit stat.iuuar}' Iruiutti iti :ulx]rt.tvl x.ti frrlllrwti.Definition 6.1 Fur yrucn N~ ll n Ilur.n.t .r E P i., a fl-roLu.,f. sf.atimuu7~ poiTLt uf
~ '(f
(IJ .( 'i., ~r rr'lnti.vr rrLlr'T'i.r,r pu'iTLI uf 1':
(~J fÍ-r') -~l,r r,,, Irl~rrl~ i~i: 1,,,, I(jr.~ v,zlh. Ill, 7 I) for h E 1,,, mLd v~ E R fnr
l~ 1,,,~. iJIrL. . lll. Ihru l,l - rll ~.I --, NII,A. -!II ~.l').
"~r Ir'aco il lu t IH' i'1'.ulr'1' ir, Itl'u~'r~ L111' r'Xiytl~llt'1' uf :1 1'cll,lltit. tit.xt.iUll:Lt'Y I,uillt. fuf Rlly
~'utttiunlmy tluu'tiotl ~,u :L 111Wr'C-llllllf`titilllllill tl0tytnt)l` P in R". Nuw thl~ aAgorithtu
i~ tltl~ yxtur' :ly Ilcwr'rilrrYl iu Sr'r't.iuttti -1 xlul 5!'x!'r'l,t. LLxt. t.h!' LP pivot titep~ are
ut:ulo iu tLl' fi,lbtwiut; s~'titc,ut fnr Rivl~u !. -(Li,"'.GL) E,7
~~ 1 I `~.~ III' ) - ~j-I i 1JrLl ~ } ~L~! I r~h(.h. - ~
~~,{I ~~ - f~
1,~II,iE l,ii: ILj111,jE11.; vI,ER,IrEI,,,~,
wh!'m ., - I rrt I- 1 witlt 1 - rr - lrr~ - d' f 1.
St,lri:tl r':~,1'y uf tllr Irolytupl~ f~m tlll' mlit tiiuttrll'x S" ur t.lto hiwplutopc. Iu
r'.uw' thr, I,r,lytupr~ i~ tlu' nttit tiiulllll'x S'" Dr~fiuit.il,u G1 !'oiu!'irleti witlt Dl~fiuition
'!.I iu l:lu}; [I.t]. 'I'In' .ilutrLd.rrtn~ ih t.llr' (':Ltto.iau trrrrlhu't rlf, tio-r.y u. Ir E N, Imit,
tiilultlil'r, .5,,,. Irr E N aurl ~ E 1,,. lu r':t~o iho I,ulytlrtx, i.ti t.lu~ tiiwplutupl,, tltl~u
t hl' r'nurr~l,t r,C rol,na ,t:ttiuu:u.y' Itr,iut i, rr~rln!'r~rl tr~ tLxt. iu 'I'alwxu :utd Yxug [10[.
h'nrtllrrnturr', whl'u tIII' ,ittltrlntlq,r' ih thr' tit.rxtl,t;1' ,pnr'1~ of x uonr'IK,pora,t.ivc, fiuitc~
Irlror~:r,n t;:tlnr, tho r'r,ur'r~pt uf rl,luttit titati(,u.Tty ltl,iut. c'uinc'i!I!w witL thr' w(~II kuowu
r'utlc'1't,t uf I,n,tx't N:ISh I,rtttilil,t'iluu itt hlcl'rtirm [ï] In'lrvidl~Ll t.h:Lt t.Ll~ flntc't.ir,u l,u thl~
~intl,lntry,l' i. rlr'fiuorl :1~ I Ilr~ ul:t.t'~iuxl r'Xl,r'r'tl,cl pa,yl,ff uf tltc' t;iLllll'. LI't Ilti III11Htl':Ltl'
tltin I,~' a wr'll-l:ulrwu 1'z:uut,ll~ uf Myl~rsrm [ï].
Example 6.2 Wc rnrl.y'i.dcr n GinLUtT'i~, ymnc 'IUit.IL ITI70 ]Illq~l T'ft. E(L('IL ]IllLTJC1' ÍLl1S
IILi'Crl 11'ILT'1 .,'Ii'r6IC(fT.('.,. TILC I)IL'I~Ojj`.h !!1'C IfTTI!'TL TTL I rLllll: f.Plrn~, r '?
I'lrn~rr I
,,i c',.. rFs
r.'i (1.1) (11.11) (-J.-rJl
r~., (II,(1) (11,11) (--i.-i)
r.~':4 I-~). -~)) ~ --i--i ) ~(-~. -~ !
TaGlc ;1. l'rn~utj.ti nJ llrr qnrnr .
Tlti~ ~;:uur, hatv tltrrv~ NiLtill 1`(t11111I)I'1i6: ( 4~'4, r(,i ). ( r. ~,, r,.~ ):turl ( c'a. r?:4 ). .~wr~ut; t ltr~,r~
r,yttililrrin., ( r~i,.;;t) i, Lltr~ r~uly prulH,r N~,h r~rtnililtrinnt. '1'hr tn~trgiual rz(~r~rtr,rl
li:tyritl I'tnu~tirnt i, };i~~ru I4~' j:,St x.Sa ~ li'4 x li'4 tcil I4











.rt.i - J.ri. 4-
-9.ri.i - i.ria -
r-~.:4.
i.r i .s-
'I'hiti fintt~t.irm h:w~ Llu'rti, titxl.irmar~' puiut.n: ( I.11, ll: I.(I,U) 4. ((1, l.ll; 11, 1.1))T ,tud
(11.11, I; (1,11, I)~, r~rirrrtiprrtuliuR tu Llu~ t.ltmr~ :V:~~h r~rtttililiria gicr,u :tlrct~-r. nhpr~r'-
liw,ll'. '1'lu~ prtiuf (1,0,0:1,0.0)4 iti tltr rrul~' rulrutil titalirtuan' lirtiut whir.ó curro-
,prmrlti tu thr~ rmly prr,pr,r Na.tih r~yttililn'iwu.
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